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General Problems: Cross-support Patterns

Definition 1 Cross-support patterns are patterns which involve items with
substantially different support levels.

� Cross-support patterns tend to be poorly correlated and most of them are
spurious patterns.

� For instance: � TV, milk � , � bread, gold necklaces, earrings �

� in real world, many data sets have inherently skewed support distributions.
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� Pumsb - a census data set from IBM (http://www.almaden.ibm.com/software).
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Two major problems with frequent pattern mining framework

� If the minimum support threshold is low, a huge number of cross-support patterns
can be generated.

� Too many patterns (Pattern Jungle) and high computation cost, especially
when data sets have skewed support distributions.

� If the minimum support threshold is high, many strong affinity patterns occurring
at low levels of support cannot be identified.

� miss interesting associations among rare but expensive items
e.g. � earrings, gold ring, bracelet � , � TV, DVD players � .

� miss interesting associations among rare anomalous events.
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Research Motivations

� Ability to detect strong affinity patterns at low levels of support

� LA1 Data Set
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� Ability to remove cross-support patterns
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Related Work

� Closed/Maximal Pattern Mining

� Reduce the number of patterns generated.
� Limitations

* Do not remove cross-support patterns.
* Algorithms may still break down at low levels of support, especially for data

sets with skewed support distributions

� Constraint Pattern Mining

� Finding interesting associations without support pruning. By Cohen et al.
[ICDE’01 & TKDE]

� Statistical 021 test to discover dependent patterns by Brin et al. [SIGMOD’97]

� All-Confidence Measure by Omiecinski [TKDE’03]
* The all-confidence measure for an itemset 354 �76 8 96 1 9;: : : 96 < � is defined as

=> >? @A B C 3 D4 EFG H �? @A B CJI K L MON I 9 L P 3 9 I Q L 4 3 9 I R L 4 S �TJU

* All-confidence measure has the anti-monotone property.
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The h-confidence measure

Definition 2 The h-confidence of an itemset 354 �76 8 96 1 9 : : : 96 < � is defined as
V? @A B C 3 D4 EFG H? @A B �76 8 K 6 1 9U U U 96 < � 9? @A B �76 1 K 6 8 96 W 9U U U 96 < � 9U U U 9? @A B �76 < K

6 8 9U U U 96 <YX 8 � T , where? @A B follows from the definition of association rule confidence.

Lemma 1 For an itemset 34 �76 8 96 1 9 : : : 96 < � , V? @A B C 3 D is mathematically equivalent
to => >? @A B C 3 D .

� Z[ \] ^ _a` bdc ef f [ \] ^ _a` bdc gh i i j �lk 8m k 1 m�n n n m k < �opq r 8 st s < � gh i i j �lk t �o �

The h-confidence measure has the anti-monotone property. In other words, if 3 u 3;v ,
then V? @A B C 3 Dw V? @A B C 3v D .

� For an itemset 354 � I 9 L 9yx � , assume that:

� z{ | | C � I � D4 }U~ , z{ | | C � B � D4 }U~ , z{ | | C � x � D4 }U }� , z{ | | C � I 9 L 9x � D4 }U }� .

� ? @A B � I K L 9x �4 z { | | C � I 9 L 9yx � D � z{ | | C � I � D4 }U � .

� ? @A B � L K I 9yx �4 }U � �? @A B � x K I 9 L �4 ~ .

� V? @A B C 3 D4 � 6 A �? @A B � L K I 9yx � 9? @A B � I K L 9yx � 9? @A B � x K I 9 L � � = 0.6.
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Hyperclique Pattern Concepts

Definition 3 Given a set of items �4 � � 8 9 �1 9U U U 9 � � � , an itemset 3 u � is a
� �� �� ��� ��� � � �� � ��� if and only if M 3 M�� } and V? @A B C 3 Dw V � , where V � is the

minimum h-confidence threshold.
� The cross-support property of the h-confidence measure.
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Lemma 2 Given: 1) Two items � and � with z{ | | C � D�� z{ | | C � D , 2) Two item sets,

� C � D4 � �v M z{ | | C � �v � D� z{ | | C � � � D � and � C � D4 � �v M z{ | | C � �v � Dw z{ | | C � � � D � , for
any cross-support pattern 354 � � � � 9 � � � 9U U U 9 � �   9 � ¡ � 9 � ¡ � 9U U U 9 � ¡ ¢ � from these two
itemsets has an upper bound of the h-confidence given by <£¤ � ¥ ¦ ¥§ ¨�©ª « « ¬ ¨¤ ¦­® ­< � � � ¥ ¯ ¥° ¨�©ª « « ¬ ¨± ¯­® ­ .
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The Cross-Support Property

� Consider the following set of items:

² �� ' ³ � � �	� 
 �

) � +

! � +

. � .

& � !

´ � )

� Let �4 �¶µ 9l· 9¹¸ � and �4 �~ 9lº �

� If 3 is a cross-support pattern, then V? @A B C 3 D� <£ ¤ ¨¼»½ 8 ¾ »½ 1 ¾ »½ W­< � � ¨¼»½ ¿ ¾ »½ ¿­ 4 ~ � µ

� If V � � ~ � µ , no cross-support pattern will be extracted.
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The Cross-Support Property

Theorem 1 Given:

1) A measure of association, B

2) Two items � and � with z{ | | C � � � D� z { | | C � � � D ;
3) Two item sets � C � D4 � �v M z { | | C � �v � D� z{ | | C � � � D � and

� C � D4 � �v M z{ | | C � �v � D w z { | | C � � � D � ;

If the following conditions hold,

1) There exists a non-trivial upper bound function,{ | |�ÀÁ C B D , for the measure B ;

2){ | |�ÀÁ C B C � � 9 � � D D can be computed by only z { | | C � � � D and z { | | C � � � D ;
3) If � is fixed,{ | |�ÀÁ C B C � � 9 � � D D decreases monotonically with increasing z{ | | C � � � D ;
4) If � is fixed,{ | |�ÀÁ C B C � � 9 � � D D decreases monotonically with decreasing z{ | | C � � � D ;
5) If the measure B is applied to patterns with three or more items, then B must have

an anti-monotone property.

Then B C | D� { | |ÀÁ C B C � � 9 � � D D if | is a cross-support pattern.

(c) University of Minnesota - Twin Cities ICDM’03
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The Cross-Support Property

� Examples of measures of association which have the? Á @ z z - z{ | | @Á Â property
(Assume that z { | | C � � � D� z{ | | C � � � D ).

Ã� � �� 
� Ä� ' � � �� �
� �Å � 
 ' � �� Æ � �	� 
Ç � � � *

Ä� �
 �� ÈÉ ¦ ¦ ÊË5Ì Í Î ÏÐÑ ÈÉ ¦ ¦ ÊË5Ì ÏÐ ÈÉ ¦ ¦ ÊË Î ÏÐ Ò ÈÉ ¦ ¦ ÊË5Ì ÏÐÈÉ ¦ ¦ ÊË Î ÏÐ

Ó� � �� 
 * ÈÉ ¦ ¦ ÊË5Ì Í Î ÏÐÈÉ ¦ ¦ ÊË5Ì ÏÐÔ ÈÉ ¦ ¦ ÊË Î ÏÐÖÕ ÈÉ ¦ ¦ ÊËÌ Í Î ÏÐ ÈÉ ¦ ¦ ÊËÌ ÏÐÈÉ ¦ ¦ ÊË Î ÏÐ²� �� 
� � � ÈÉ ¦ ¦ ÊË5Ì Í Î ÏÐÈÉ ¦ ¦ ÊË5Ì ÏÐ ÈÉ ¦ ¦ ÊË Î ÏÐ �ÈÉ ¦ ¦ ÊË Î ÏÐ
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The High-affinity Property

Given a pair of items 354 �76 8 96 1 � , the cosine measure for 3 can be computed as©ª « « ¬ ¨ � � ¾ � �­®

× ©ª « « ¬ ¨ � �­®¹Ø ©ª « « ¬ ¨ � �­® 9 while the Jaccard measure for 3 is ©ª « « ¬ ¨ � � ¾ � �­®©ª « « ¬ ¨ � �­®Ù ©ª « « ¬ ¨ � �­® X ©ª « « ¬ ¨ � � ¾ � �­® U

Lemma 3 If an item set 354 �76 8 96 1 � is a size-2 hyperclique pattern, then we have

? @ z6 A À C 3 Dw V � .
Lemma 4 If an item set 354 �76 8 96 1 � is a size-2 hyperclique pattern, then we have

Ú =? ? =Á Û C 3 Dw V � � º .

� If 354 � I 9 L � is a hyperclique pattern with the minimum h-confidence threshold

V � , then

� V? @A B C 3 Dw V � ,? @ z6 A À C 3 Dw V � , Ü =? ? =Á Û C 3 Dw V � � º

� For any hyperclique pattern 354 �76 8 96 1 9U U U 96 t � C¶Ý � º D at the h-confidence
threshold V � , we have

� V? @A B C 3 Dw V �

� ? @ z6 A À CÞ Dw V � and Ü =? ? =Á Û CÞ Dw V � � º , where Þ 4 �76 ß 96 < � and Þ P 3 .
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Hyperclique Miner Algorithm

� Hyperclique Miner is an Apriori-type algorithm.

� Method:
1) Get size-1 prevalent items
2) Partitioning items into different levels of support

# In each item partition
3) for size of itemsets in Cº 9µ 9U U U 9 Ý à~ D do
4) Generate candidate hyperclique patterns.
5) Prune based on the support of candidate hyperclique patterns.
6) Prune based on the h-confidence of candidate hyperclique patterns
7) Generate hyperclique patterns.

(c) University of Minnesota - Twin Cities ICDM’03
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Hyperclique Miner Algorithm - An Illustration

� Pruning by the cross-support property (Let V � =0.55 and support threshold = 0).
� Pruning by the anti-monotone property.
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� Let �4 �¶µ 9l· 9¹¸ � and �4 �~ 9lº � . If 3 is a cross-support pattern, then

V? @A B C 3 D� <£¤ ¨¼»½ 8 ¾ »½ 1 ¾ »½ W­< � � ¨¼»½ ¿ ¾ »½ ¿­ 4 ~ � µ
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Experimental Setup

� Experimental Data Sets

� Real Data Sets

á âã âäå ã ælç ãå E æ¹è å éêë ì í î ïñð òå G ï ãó ô êõ ë éå

öõ E ä ÷ º~ ~ µ · ø } · � ù · çú û íü E â ìå G

ôý ö ¸ } } øµ º ù~ � ù ¸ ô ã ê éþ û âë þå ã

ò í~ º ø ù } · µ º } · ~ · ¸ ÿè � ��� ¸

è å ã âF ü ~ · · � º ¸ ù� ù~ ~ º ø è å ã âF ü ô ã êë å

� Experimental Platform

� Sun Ultra 10 Work Station with a 440 MHz CPU and 128 Mbytes of memory
running the SunOS 5.7 operating system.

� CHARM as the base line to show the relative performance.

� CHARM has better performance than Apriori and MAFIA (for maximal frequent
patterns) at low levels of support.
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The Pruning Effect on Pumsb data set
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� CHARM has difficulties in identifying patterns when � 6 A z{ | | � · } � .

� For instance, hyperclique miner finds one long pattern containing 9 items with the
support 0.23 and h-confidence 94.2%.

(c) University of Minnesota - Twin Cities ICDM’03



Slide 20

Hyperclique Patterns - High Affinity Patterns

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 20 40 60 80 100

A
ve

ra
ge

 C
or

re
la

tio
n

Percentile

Non-hypercliques
Hypercliques

�	 �
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

0 20 40 60 80 100

A
ve

ra
ge

 J
ac

ca
rd

Percentile

Non-hypercliques
Hypercliques

�
 �

� � 6 A z{ | |4 }U } } } ¸ and V �4 � } � on Retail data set.

� Hyperclique patterns have extremely high average pair wise correlation compared
to the non-hyperclique patterns.
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Hyperclique Based Clustering via Hypergraph Partition

� Frequent pattern based clustering via hypergraph partition [Han et.al.98]

� Limitation 1: The frequent pattern is not a good representative to capture the
overall affinity among items.

� Limitation 2: To cover more items, we have to set a low support threshold and
get many frequent patterns.

�
� �� �
� � �� 
� 
� �
� � �� �� � � ��� �� �
 �� � � �� �
� �

 � 
 ! �
 � � � � � �
� � " " » 8 ¿ #$ » 1 " » 8 $

� � � 
 � � �� ! �
 � � � �
 � � % $ 8 8 8 #1 »& % » " 8

� Frequent patterns: � 6 A z{ | |4 µ �

� Hyperclique patterns: � 6 A z{ | |4 } � and V �4 º } � .

� Noise Smoothing

� When � 6 A z{ | |4 } � and V �4 º } � , the discovered hyperclique patterns cover
861 items. 71 items have been eliminated by hyperclique miner.

� 68 out of 71 items are assigned to wrong clusters.
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Hyperclique Based Clustering via Hypergraph Partition

� Six clusters at low levels of support (around 1%) from S&P 500 Stock Data Set.

'� ( 
 � �� )� 
� * Ä � � � �� 
 � ²� * � � � 
 �+* 
� � �) Ç � � �
 '� 
� * � � , � Ä ² '� 
 � � Ä� 
� , �.- '� 
/ �� � � 

 � # � 0� 
 , � ( � �� # � 0� 
 , �Ä� � �� � 
 *� �� * / *
 , �/ � �� 
 � � Ä� 
� , �* � � � # � � � 
 � Æ �
 � , � �� � � �� � ²� * � � , �# / Ä % / �� 
 � � , �.1 � /� � Æ �
 �
 �
� � ,

# � 0� 


! Ç � � �� � ( 
 �� 
 � �� , �/ '� 
 �� � / �� � � 

 � , �- '� 
 �� '� # 
� * � � � , � Ó� � � �� � 2

Ó� � � �� � , � Ã� 
 �� Ä� , ��# 3 (� 
 ²� � , � ³ � �� 

 � �54 # �� � � � , �76 � 
 �� 
4$ � ' �� 
 � ,
�� � � � � � 
� * � � �

. Ç � � � � � '� 08 � 
� , �Ç � � � � � Ç � � �� � , � Ä� 
� ³ �� �� �Å 
 �� � �
� � , � Ä ²* ' -

Ä� 
� , � Ä� '� 

 �� ²� � , � - � � �� $ 
 �� 2 Ä� � , � - '� 
 * � �� 
� � , �Å �� � �

3 �� � �
� � , � Ã� 
 �� � j Ó  #  , o �.9 � � Ä� 
� , � Ã� � �� � Ç � � � Ä� 
� , � '� �
� � �Ç � � �

Ä� 
� , � '� �� Ä
 � � Ä� 
� , � 6 � � � �Å � 
 �� , �Ç � � � - '� 

 �� Ä� 
� ,

Å 
 �� � �
� �

& Ç � � � - ��� � �
 � Ä� : �Ç � � � ³� � � � Ä� 
� : � Ä # Ä ²� �� : �* 1 / Ä� 
� : �- '� 

 �� � �

Ä� 
� : � '8 '/ ; Ä� 
� : �# � �
 3 � 1 � �� �
 � : � ³Ç Ä Ä� ' ' � � 
 �� �
� � : � Æ ³ 6 � � �

Ä� ' ' � � 
 �� �
� � :

Ä� ' '  

´ * � # � � � j/ ²o *� '� '� : �* � � * 

 � � jÇ  Å  o : � '� � �� Ä �� ' 
 �� � : �7< � � ' 2

�� � � : �- )� � # 
� * � � � � :

� �� ' 
 �� �

= Å � *� 
� �� * (� � � : �* � � ²� � : � '� 
 * � � 
� ' ²� � : � # � � Ç � � �4 Ã� � : � ³� � 
 � : �

1 Ó ; �� ' �	� � 
� � : �76 � � '� 
 � :

< � �� 
 �

(c) University of Minnesota - Twin Cities ICDM’03



Slide 23

Overview

� Introduction
� Hyperclique Patterns

� Hyperclique Miner Algorithm

� Experimental Evaluation

� Conclusions and Future Work

(c) University of Minnesota - Twin Cities ICDM’03



Slide 24

Conclusions and Future Work

� Conclusions

� Introduce hyperclique patterns
� Present the h-confidence measure

* The Anti-monotone Property
* The Cross-support Property
* The High-affinity Property

� Design hyperclique miner algorithm.

� Conduct experiments to show the performance of hyperclique miner and the
application of hyperclique patterns for clustering via hypergraph partition.

� Future Works

� Extending the Notion of Hyperclique Patterns.

� Hyperclique Pattern based Clustering.

� Comprehensive Understanding of Hyperclique Patterns.
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Thank You!
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