TOP-K ¢ Correlation Computation
Hui Xiong, Wenjun Zhou

Management Science and Information Systems Department
Rutgers, the State University of New Jersey
hxiong@andromeda.rutgers.edu, wjizhou@pegasus.rugdars

Mark Brodie
IBM TJ Watson Research Center
mbrodie@us.ibm.com

Sheng Ma
DoubleClick Inc.
shengma2005@gmail.com

Recently, there has been considerable interest in effigieamputing strongly correlated pairs in
large databases. Most previous studies require the s@g@ficof a minimum correlation thresh-
old to perform the computation. However, it may be difficalt tisers to provide an appropriate
threshold in practice, since different data sets typidadlye different characteristics. To this end,
in this paper, we propose an alternative task: finding thekteprongly correlated pairs. Conse-
guently, we identify a 2-D monotone property of an upper ku,buﬁqb correlation coefficient and
develop an efficient algorithm, called TOP-COP to explag firoperty to effectively prune many
pairs even without computing their correlation coefficeenOur experimental results show that
TOP-COP can be an order of magnitude faster than alternapigeoaches for mining the top-k
strongly correlated pairs. Finally, we show that the penfance of the TOP-COP algorithm is
tightly related to the degree of data dispersion. Indeeglhigher the degree of data dispersion,
the larger the computational savings achieved by the TOP-&l@orithm.
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1. Introduction

Given a large set of items (objects) and observation datatatmoccurring items, association
analysis is concerned with the identification of stronglated subsets of items. Association anal-
ysis is a core problem in data mining and databases. It playsportant role in many application
domains such as market-basket analysis (Alexander, 280bijate studies (Storch and Zwiers,
2002), public health (Cohen et al., 2002), and bioinforogtKuo et al., 2002; Xiong et al., 2005).
For example, in market-basket study, the association aisaban be used for sales promotion,
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shelf management, and inventory management. Also, in rakidiiormatics, association analysis
is used to find combination of patient symptoms and compaiasociated with certain diseases.
The focus of this paper is on computing@-k correlated-pairs queryhat returns the top

k pairs of positively correlated items. As a motivating ex#&mnghe top-k correlated-pairs query
can reveal information about how the sales of a product dateckto the sales of other prod-
ucts. This type of information can be useful for sales proomst, catalog design, and store layout.
However, as the number of items and transactions (obsengtin the data set increases, the
computational cost of the top-k correlated-pairs queryohees prohibitively expensive. For ex-
ample, if a database contai8® items, which may represent the collection of books avadlabl
at an e-commerce Web site, a brute-force approach to amsywse top-k correlated-pairs query
requires computing the correlations(df) ~ 0.5 x 102 possible item pairs. Thus, it may not be
computationally feasible to apply a brute-force approach.

1.1. Contributions and Scope

Thetop-k correlated-pairs querngroblem can be described as follows: Given a user-spedéifaeu

a market basket database withitems andl’ transactions, a top-k correlated-pairs query finds the
top k item pairs with the highest positive correlations. The soojthe top-k correlated-pairs query
problem proposed in this paper is restricted to market liakkabases with binary variables, and
the form of correlation is Pearson’s correlation coeffitigteynolds, 1977) for binary variables,
also called the correlation coefficient.

The main contribution of this work is the development andysia of theTOP-k COrrelated-
Pairs (TOP-COP) query algorithm. We prove this algorithmeéccbmplete and correct, and show
that it can be faster than alternative approaches by an ofdaeagnitude. The TOP-COP algo-
rithm exploits a 2-D monotone property of the upper bound edrBon’s correlation coefficient.
By interpreting this property geometrically, we obtain dgogsithm that uses a diagonal traversal
method, combined with a refine-and-filter strategy, to effidy find the top-k pairs.

1.2. Related Work

The top-k correlated-pairs query problem is different frima standard association-rule mining
problem (Agrawal et al., 1993; Bayardo et al., 2000; Brinletl®97; Bucila et al., 2003; Burdick

et al., 2001; Cohen et al., 2000; Grahne et al., 2000; Liu.ef8P9; Ng et al., 1999; Rastogi and
Shim, 2002; Wang et al., 2001). Lét= {iy, is, ..., i,,, } be a set of distinct items. Each transaction



T in databaseD is a subset of. We call X C I an itemset. The support of, denoted by
supp(X), is the fraction of transactions containitg If supp(X) is no less than a user-specified
threshold,X is called a frequent itemset. The confidence of associatilen¥; — X5 is defined
asconf(X1 — Xa) = supp(X1 U Xs)/supp(X1).

Existing association-rule mining methods rely on the sup@od confidence measures to find
groups of highly-correlated objects from massive data. élex, the notions of support and corre-
lation may not necessarily agree with each other. This ialmeeitem pairs with high support may
be poorly correlated while those that are highly correlatey have low support. For instance,
suppose we have an item péik, B}, wheresupp(A) = supp(B) = 0.8 andsupp(A, B) = 0.64.
Both items are uncorrelated, sineepp(A, B) = supp(A)supp(B). In contrast, an item paifA,

B} with supp(A) = supp(B) = supp(A, B) = 0.001 is perfectly correlated despite its low sup-
port. Patterns with low support but high correlation arduider capturing interesting associations
among rare anomalous events or rare but expensive itemasugidid necklaces and earrings.

In addition, the notion of confidence and correlation alsy mat agree with each other. Let
us illustrate this with the following example (Tan et al. 030).

Coffee Coffee

Tea 15 5 20
Tea 75 5 80
90 10 100

Figure 1: A Tea-Coffee Example

In Figure 1, we can derive an association r{ilea; — {coffee} with a reasonably high con-
fidence value (75%). This rule leads to the conclusion thaplgewho drink tea will more likely
drink coffee. However, the fraction of coffee drinkers, aedjess of whether they drink tea, is
90%. In contrast, the fraction of tea drinkers who drink eeffs only 75%; that is, knowing that a
person who drink tea actually decreases his/her probabilibeing a coffee drinker from 90% to
75%. If we compute correlation betwe&lra andCof fee, we can findl'ea andCof fee are ac-
tually negatively correlated in the given example. Indebd,problem of association-rule mining
was motivated by the difficulty of efficiently identifyingdily correlated objects using traditional
statistical correlation measures. This has led to the uakayhative interest measures, such as sup-
port and confidence, despite the lack of a precise relatipigtween these new interest measures



and statistical correlation measures. However, as iltestr above, the support-confidence frame-
work tends to generate too many spurious patterns involeijgcts which are poorly correlated.
This, in turn, motivates the work in this paper.

Recently, Xiong et al. (2004) proposed the TAPER algoritlonefficiently compute the all-
strong-pairs correlation query. Given a user-specifiedmim correlation threshol@d and a mar-
ket basket database witki items and!’ transactions, the all-strong-pairs correlation querysind
all item pairs with correlations above the thresh@ldHowever, it is difficult for users to pro-
vide an appropriate correlation threshold for the all4strgairs correlation query in real-world
applications, since different data sets typically havéed#nt characteristics.

Along the same line of the all-strong-pairs correlationrgublyas et al. (2004) also proposed
a method for efficiently identifying correlated pairs. Instimethod, sampling techniques are ap-
plied to exploit efficient computation. Due to the nature afmpling, this method cannot avoid
finding false-positive and false-negative correlationgitttermore, this method also requires users
to specify a correlation threshold.

Additionally, Brin et al. (1997) proposed g-based correlation mining strategy; howeyér
does not possess an upward closure property for exploiffigeat computation (DuMouchel
and Pregibon, 2001). Also, Jermaine (2001) investigatedriplication of incorporating chi-
square {?) (Reynolds, 1977) based queries to data cube computatid@showed that finding
the subcubes that satisfy statistical tests sucffase inherently NP-hard, but can be made more
tractable using approximation schemes. Finally, Jerm@@63) presented an iterative procedure
for correlation analysis by shaving off part of the databaadeedback from human experts.

1.3. Outline

The remainder of this paper is organized as follows. Se&ipresents the basic concepts of Pear-
son’s correlation coefficient. In Section 3, we introducB 2aonotone properties of the upper
bound of Pearson’s correlation coefficient for binary Vales. Section 4 proposes an alternative
approach based on the TAPER algorithm for finding top-k dated pairs. In Section 5, we de-
scribe the TOP-COP algorithm. Section 6 presents the araf/the TOP-COP algorithm in the
areas of completeness, correctness, and computationaghodsSection 7 shows the experimental

results. Finally, we draw conclusions and suggest futunékwosection 8.



2. Basic Concepts

In statistics, a measure of association is a numerical indggh describes the strength or mag-
nitude of a relationship among variables. Although litgralozens of measures exist, they can
be categorized into two broad groups: ordinal and nominalationships among ordinal vari-
ables can be analyzed with ordinal measures of associatdnas Kendall's Tau (Kendall and
Gibbons, 1990) and Spearman’s Rank Correlation Coeffi¢isgttimann and D’Abrera, 1998). In
contrast, relationships among nominal variables can blgzethwith measures of association such
as Pearson’s Correlation Coefficient and measures baseli@gGare (Reynolds, 1977).

2.1. The@ Correlation Coefficient

The ¢ correlation coefficient (Reynolds, 1977) is the computaldorm of Pearson’s Correlation
Coefficient for binary variables. Here, we first describe edpasic concepts related to the

correlation coefficient.

0 B 1 Row Total
A 0 P(oo) P P+
1 P10 Py Pu+
Column Total  Po) P N

Figure 2: A Two-Way Table of Item A and Item B

In a 2 x 2 two-way table shown in Figure 2, the calculation of theorrelation coefficient

reduces to
Ploo) a1y — Plor) Py

vPonPanProPin’
whereP;;, fori=0, 1andj=0, 1, denote the number of samples which asstfied in the

biaBy = (1)

ith row andjth column of the table. Furthermore, we Igt, ) denote the total number of samples
classified in theth row andF, ;) denote the total number of samples classified injthecolumn.
Thus Py = 35 Py and Prjy = 31 Pij)-

When adopting the support measure of association rule m{#igrawal et al., 1993), for two
items A and B in a market basket database, we havgp(A) = Puy)/N, supp(B) = P1)/N,
andsupp(A, B) = Pay /N, whereN is the total number of samples in the two-way table. With
support notations, as illustrated in (Xiong et al., 2004¢,lvave the support form of Equation (1)

shown below as Equation (2).



supp(A, B) — supp(A)supp(B)

bdrapy = 2)
v/ supp(A)supp(B)(1 — supp(A))(1 — supp(B))
(b) Item Pairs with Upper Bounds and
Correlation Coefficients
Pair | Upper Bound | Correlation
(a) A Market Basket Database {a, b} 0.667 0.667
{a, c} 0.333 -0.333
TID Iltems
{a, d} 0.218 0.218
1 a,b,c
{a, e} 0.167 0.167
2 a,b,c
{a, f} 0.111 0.111
3 a,c
{b, c} 0.5 -0.5
4 a,b
{b, d} 0.327 0.327
5 a, b
{b, e} 0.25 0.25
6 a, b
{b, f} 0.167 0.167
7 a, b,cdef
{c, d} 0.655 -0.218
8 a,b,de
{c, e} 0.5 0
9 a,b,d
{c, f} 0.333 0.333
10 c
{d, e} 0.764 0.764
{d, f} 0.509 0.509
{e, f} 0.667 0.667

Figure 3: An Example Data Set

For example, consider the example data set shown in Figuag 3¢ compute), ;,, we note
that supp(a) = 9/10, supp(b) = 8/10, and supp(a,b) = 8/10. Direct calculation shows that
biapy = 0.08/0.12 = 2/3, confirming thaiz andb are strongly correlated.

Given an item pai{ A, B}, the support valueupp(A) for item A, and the support value
supp(B) for item B, we can suppose without loss of generality thapp(A) > supp(B). By
the anti-monotone property of the support measure (Agratall, 1993), we haveupp(A, B) <
supp(B) < supp(A). In other words, the maximum possible valuesapp(A, B) is supp(B). As
aresult, the upper bound upper( 5;) of the ¢ correlation coefficient for an item pajA, B} can
be obtained whesupp(A, B) = supp(B). Hence,

supp(B) — supp(A)supp(B)
v/ supp(A)supp(B)(1 — supp(A))(1 — supp(B))

~|supp(B) |1 — supp(A)
a \/SUPP(A) \/1 — supp (B) )

upper(pga,py) =




2.2. Theg Correlation Coefficient versus the Chi Square 3§<2) Statistic

In this subsection, we illustrate the relationship bet\/\m correlation coefficient and the chi
square ]5(2) statistic.

Item Pair| Correlation Item Pair | Chi Square Item Pair (Correlation)2
{d, e} 0.764 |= > {d, e} 5.833 = > {d, e} 0.5833
{a, b} 0.667 [= > {a, b} 4444 = > {a, b} 0.4444
{e, f} 0.667 [= > {e, f} 4.444 |= > {e, f} 0.4444
{d, f} 0.509 |- > {d, f} 2593 = > {d, f} 0.2593
{c, f} 0.333 {b, c} 2500 = > {b, c} 0.2500
{b, d} 0.327 {a, c} 1.111 = > {a,c} 0.1111
{b, e} 0.250 {c, f} 1111 |- > {c, f} 0.1111
{a, d} 0.218 {b, d} 1.071 = > {b, d} 0.1071
{a, e} 0.167 {b, e} 0.625 = > {b, e} 0.6250
{b, f} 0.167 {a, d} 0.476 = > {a, d} 0.0476
{a, f} 0.111 {c, d} 0.476 = > {c,d} 0.0476
{c, e} 0.000 {a, e} 0.278 [= > {a, e} 0.0278
{c, d} -0.218 {b, f} 0.278 {b, 1} 0.0278
{a, c} -0.333 {a, f} 0.123 = > {a, f} 0.0123
{b, c} -0.500 {c, e} 0.000 {c, e} 0.0000

(a) (b) ©

Figure 4: An lllustration of the Relationship betweghand thep Correlation Coefficient

For the example data set shown in Figure 3 (a), we computeﬁtlmerrelation coefficients
and the chi square}@Q) statistics for all item pairs. Figure 4 (a), (b), and (c) whbe ranking
of item pairs based on tr@ correlation coefficient, the chi square statistic, and thease of the
¢ correlation coefficient respectively. In the figure, we céisarve that the ranking difference
by the ¢ correlation coefficient and the chi square statistic is edusy item pairs with negative
correlation coefficients. Also, the rankings based on theghare statistic and the square of the
¢ correlation coefficient are exactly the same. Indeed, thaaglare statistic only measures the
likelihood of the existence of association (Agresti, 2002). In otherdspan item se{ A, B}
having high ranking by the chi square test only means thaetiserelatively strong association
between itemA and itemB, but there is no indication whether the existenceldbr B) leads to
the existence or absence Bf(or A).

Indeed, in a 2x 2 two-way table shown in Figure 2, the goodness-of-fit chesgus computed
by the following equation (Reynolds, 1977):

N (Poo)Pary = Py Pao))”
P(0+)P(1+)P(+0)P(+1)

X%A,B} = ) (4)
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whereN is the total number of samples in the two-way table. AccagydmEquation (1) and
Equation (4), we have the following:

X{a.8)
b — 2
N (b1a,By) (5)

Equation (5) indicates that dividing chi square by N leadth® square of the correlation
coefficient. In summary, according to Equation (4), we knbattthe chi square may not be a
good measure of association, since its numerical magndapends partly on the sample size. In
contrast, thep correlation coefficient is not depend on the sample sizeo,Adsmilar to they?
statistic, thep correlation coefficient measures the deviance from indeégece. In addition to
this, the¢ correlation coefficient is able to capture both positive aedative correlations between
two variables. Therefore, thecorrelation coefficient is a more suitable measure of aatioai.

3. A 2-D Monotone Property of the Upper Bound of¢ Corre-
lation Coefficient

In this section, we present a 2-D monotone property of theeuppund of thep correlation co-
efficient. This monotone property can be exploited to dgveladiagonal traversal method for
efficiently mining the top-k correlated pairs.

Using Equation (3) above, Xiong et al. (Xiong et al., 2004oatlerived a 1-D monotone

property of the upper bound of tiecorrelation coefficient:

Lemma 1 For an item pair{ A, B}, let supp(A) > supp(B) and fix itemA. The upper bound,
upper(¢pga,py), is monotone decreasing with decreasing support of iem

Pruning Window

i ——————
1 supp(A) supp(k) 0

Figure 5: The Computational Exploration of the 1-D Monotémeperty

Figure 5 shows a geometric interpretation of the computatiexploration of the 1-D mono-
tone property of the upper bound. In the figure, all items arted according to item support values
in non-increasing order. Let us consider the all-stronigspabrrelation query with a user-specified
correlation threshold. If we identify an itemk such that the upper boungbper (¢a,y) is less
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than the threshold, then any item paifA, f} with supp(f) < supp(k) can be safely pruned, since
the upper boundpper(¢;4,5y) is guaranteed to be less thapper (¢4 ) according to Lemma 1.
In other words, for any iterdl, we can generate a one-dimensional pruning window for effity
eliminating item pairs which do not satisfy the correlattbreshold).

Y

Figure 6: The Computational Exploration of the 2-D Monotémeperty

Lemma 2 For a pair of items{ A, B}, let supp(A) > supp(B) and fix itemB. The upper bound
upper(¢a,5y) iS monotone increasing with decreasing support of itém

Proof: Given two itemsA4; and A, with supp(A;)>supp(As) > supp(B), we need to prove that

upper(¢ya,,py) > upper(pra,,py). According to Equation (3upper(¢da,py) = \/Zﬁig \/tiﬁﬁ,’ggg,

with A = A, and A = A,, we see that??< Ciasry) _ \/S“””(Al)\/ljsum’(/‘?) > 1 because
upper(¢(a,,B}) supp(Az2) \/ 1—supp(A1)

supp(Ay) > supp(Az) and(1 — supp(Ay)) < (1 — supp(Az)).

Lemma 1 and Lemma 2 form the basis of the 2-D monotone propéthe upper bound, illus-
trated in Figure 6. An item lisfa, b, ¢, d, e, f}, is sorted by item support values in non-increasing
order. The upper bound of item pairs decreases followingliteetion of the arrow. For instance,
the upper bound of item pa{i, f} is greater than that of item pajr, f} but smaller than that of
item pair{d, e}.

In contrast to Figure 5, the 2-D monotone property can halp@item pairs from two dimen-
sions instead of one dimension. For instance, if the uppentvof item pair{b, d} indicates that



this pair is not strongly correlated, we can generate amgtégruning space for efficiently elim-
inating item pairs:{b, e}, {b, f}, {a,d}, {a, e}, and{a, f}. Since the upper bounds of all these
five item pairs cannot be greater than the upper bound of ieam{f d}, these pairs are also not
strongly correlated.

The TAPER-TOP-K Algorithm

Input: S’: an item list sorted by item supports in non-increasing orde
k. The number of most highly correlated pairs requested.

Output:  The list of the top-k strongly correlated pairs.

Variables: L: the size of item se$’; T'L: the current top-k list;
A: the item with larger support3: the item with smaller support.
minPair: the item pair inl" L with the smallest correlation.
minCorr: the correlation value of minPair.

TAPER-TOP-K (5, k)

1. L =size(s"), TL =0, minCorr =-1

2. for ¢ from 1 to L-1

3. A =954

4, for j fromi+1to L

5 B = S'(j], upper(s) = \/S2G 5ty

6. if (upper(¢p) < minCorr) then

7. break from inner loop //pruning

8. else

9. Getsupp(A, B), the support of item s€t4, B}

10. _ supp(A,B)—supp(A)supp(B)

/supp(A)supp(B)(1—supp(A))(1—supp(B))

11. if (¢ > minCorr) then

12. if (size(T'L) < k) then

13. Push item paif A, B, ¢} into T'L

14. else

15. Delete the currentinPair in TL and inser{ A, B, ¢} into T'L

16. Updatemin Pair andminCorr in TL

17. end if

18. end if

19. end if

20. end for

21. end for

22. ReturnT L

Figure 7: The TAPER-TOP-K Algorithm
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4. TAPER-TOP-K: TAPER based Top-K Correlated Pairs Query

A brute-force approach to computing the top-k correlatedspa to first compute the correla-
tion coefficients for all item pairs, then sort all item paiased on their correlation coefficients,
and finally report the top-k strongly correlated pairs asfiha result. Instead of the brute-force
approach, an alternative more sophisticated method t@thedtop-k correlated-pairs query prob-
lem is to modify the TAPER algorithm proposed by Xiong et 20@4) to do a coarse filtering and
then compute exact correlation coefficients for all the ifgars which remain after the filtering.
Note that the TAPER algorithm is designed to efficiently comepthe all-strong-pairs correlation
guery. Given a user-specified minimum correlation thresli@nd a market basket database with
N items andl’ transactions, the all-strong-pairs correlation querydialllitem pairs with correla-
tions above the threshotd

Algorithm Descriptions. Here, we describe the details of the TAPER-TOP-K algoritis-
sentially, the algorithm searches for the top-k stronglyelated item pairs by applying a pruning
method which uses the upper bound of theorrelation coefficient. In other words, if the up-
per bound of thep correlation coefficient for an item pair is less than the mimm correlation
coefficient in the current top-k list, we can prune this iteair pight way.

The TAPER-TOP-K algorithm is shown in Figure 7. In the alfom, Line 6 checks the upper
bound of the correlation of the item pair to determine whethean be pruned or not. If the
upper bound of an item pair is less than the minimum cor@tatpefficient, this item pair will be
pruned, as indicated in Line 7. Lines 12 -16 show how to updatemaintain the top-k list. The
computation savings of the TAPER-TOP-K algorithm are dudédact that the cost for computing
the upper bound is much cheaper than the cost for computingdaict correlation coefficient.

5. TOP-COP: TOP-K Correlated Pairs Query

We first introduce a diagonal traversal method which expltiie 2-D monotone property of the
upper bound of the correlation coefficient for effciently computing the top@rrelated pairs.

5.1. A Diagonal Traversal Method

In contrast to the brute-force approach and the TAPER-TORethod, we propose a diagonal-
traversal method to efficiently compute top-k correlateidspa
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Figure 8: An lllustration of the Diagonal Traversal Method

Figure 8 illustrates the diagonal traversal method. In theré, an item lis{a, b, c,d, e, f} is
sorted by item support values in non-increasing order. Tgpeubound of item pairs decreases
following the arrow direction according to the 2-D monotgreperty of the upper bound of the
¢ correlation coefficient as described in Lemma 1 and Lemmati& diagonal traversal method
conducts a diagonal traverse to search for the top-k coecklgairs. The search starts from the
principal diagonal which is traversed in the “southeast&diion, then goes to the diagonal above
the main diagonal, and so on. During the iterative searchga®y this method maintains a top-k
list and an item pair is pushed into this list if the corredatcoefficient of this pair is greater than
the current minimum correlation coefficient in the top-k.lishe search stops if the maximal upper
bound of all item pairs in a diagonal is less than the currentmum correlation coefficient in the
top-k list.

Lemma 3 [Diagonal Traversal Stop Criteria.] If the maximal upper bound of all item pairs in
one diagonal is less than the current minimum correlatioefficient in the top-k list, then the
top-k correlation pairs have been found.

Proof. Let the minimum correlation coefficient in the current tofidt be ¢, and the maximal
upper bound in one diagonal beiz_bound. If maz_bound < t, we know that (1) all item pairs in
this diagonal cannot have correlation coefficient abio¥2) according to Lemma 1 and Lemma 2,
all the remaining item pairs that have not yet been travehse@ correlation coefficient below
max_bound, hence cannot have correlation coefficient abovim other words, the current top-k
list contains the item pairs with thehighest correlation coefficient in the data set.

12
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Figure 9: An Example of the Diagonal Traversal Method

Example 1 To illustrate the diagonal traversal method, consider tlaadset shown in Figure 3
(a). To simplify the discussion, we use an item{list, c, d, e, f } which is sorted by item support
values in non-increasing order. Figure 3 (b) shows the udpmsnd and correlation coefficients
for every item pair. We can arrange all item pairs in the upp@ngle of a matrix as shown in
Figure 9. Suppose that we are interested in finding the topehgly correlated item pairs from
the data set. After traversing the main diagonal, we havepa3dist containing three item pairs
{e, f}, {d, e}, and{a,b}. The minimum correlation coefficient in this top-3 list i§®&7. Next,
we search the super-diagonal. We can find that the maximadrupgpund of all item pairs in the
super-diagonal is 0.509 and is less than 0.667. Therefogesearch stops.

5.2. Algorithm Description

In this subsection, we describe the algorithm details oft&®-k COrrelatedPairs (TOP-COP)
guery algorithm. Essentially, the TOP-COP algorithm seescfor the top-k strongly correlated
item pairs in a diagonal traversal manner. During the diagtaversal, TOP-COP applies a filter-
and-refine query processing strategy.

The Filtering Step: In this step, the TOP-COP algorithm applies two pruning mémphes. The
first technique uses the upper bound of gheorrelation coefficient as a coarse filter, since the cost
for computing an upper bound is much lower than that of comguhe correlation coefficient.

In other words, if the upper bound of tlgecorrelation coefficient for an item pair is less than the
minimum correlation coefficient in the current top-k listewan prune this item pair right way.
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The second pruning technique prunes item pairs based onBh@@notone property of the upper
bound of thep correlation coefficient.

The TOP-COP Algorithm

Input: S’: an item list sorted by item supports in non-increasing orde
k: The number of correlated pairs requested.

Output:  The list of the tojz most strongly correlated pairs.

Variables: L: the size of item se$’; T'L: the current top-k list.
A: the item with larger supporf3: the item with smaller support.
status[i][j]: the pruning status of pafi, j}
mainPair: the item pair inl’ L with the smallest correlation.
minCorr: the correlation value afvin Pair.

TOP-COP(S’, k)

1. r=1,minCorr=-1, L =size("), TL = 0, status[i][j] = 0 for all 4, j

2. while (r < L —1)

3. 1 =0, flag =0;

4, for jfromrtoL — 1

5. if (status[i][j] = 0) then

6. A= 8], B =S'lj], upper () = |/ 2228 [1=eeld

7. if (upper(¢p) < minCorr) then

8. for p from0to

9. for gfromjtoL — 1

10. status[p]lq] = 1

11. end for

12. end for

13. else

14. flag =1, TL=Refine@, B, TL, k)

15. end if

16. end if

17. t=1+1

18. end for

19. if (flag = 0) then //search stop criterion.

20. break from the while loop

21. end if

22. r=r+1

23. end while

24, return TL

Figure 10: The TOP-COP Algorithm

The Refinement Step:In the refinement step, the TOP-COP algorithm computes thetex
correlation coefficient for each surviving pair from thediing step and pushes the pair into the
top-k list if the correlation coefficient of this pair is al®the minimum correlation coefficient in
the current top-k list.
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The TOP-COP algorithm is shown in Figure 10. The diagonafetsal starts from Line 2.
Line 5 checks the status array to determine whether an iténcg@be pruned or not. The values
stored in the status array are set based on the 2-D monotoperpr of the upper bound; if the
upper bound of an item pair is less than the minimum corlatoefficient in the current top-k
list, as indicated in Line 7, this item pair will be prunedgddrines 8-12 will set the pruning status
for all item pairs according to the 2-D monotone propertynafly, Line 14 calls the refinement
procedure for all surviving item pairs in the filtering prese

Refing(A4, B, TL, k) //The Refinement Step
Get the supportupp(A, B) of item set{ A, B}
¢ = supp(A, B)—supp(A)supp(B)
\/supp(A)supp(B)(1—supp(A))(1—supp(B))
if ¢ > minCorrthen
if (size(T'L) < k) then
Push item paif A, B, ¢} into T'L

else
Delete the currentwin Pair in TL and inserf{ A, B, ¢} into T'L
Updatemin Pair andminCorrin T L
end if
end if
return T'L

©CENOGO AW NP

el
= o

Figure 11: The Refinement Procedure

The pseudocode of the refinement procedure is shown in Figurkeine 1 gets the support for
the item paif{ A, B}. Line 2 calculates the correlation coefficient of this iteairplf the correlation
is greater than the minimum correlation coefficient in thirext top-k list, this item pair is pushed
into the top-k list in line 5. Lines 4 - 9 show how to update amaimain the top-k list.

Example 2 Figure 12 illustrates the pruning process based on the 2-Dhotane property. In

this example, we use the example data set shown in Figure Bthodata set, the item list
{a,b,c,d, e, f} is sorted by item support in non-increasing order. Suppbaewe want to find the
top-3 correlated item pairs. When traversing the item paire}, we know that the correlation
of this item pair is 0.764 (Figure 3 (b)), which is greater théne minimum correlation coefficient
in the current top-3 list. Therefore, the item pdib, ¢} is deleted from the current top-3 list
and eight item pairqa, c}, {a, d}, {a,e},{a, f},{b,c},{b,d},{b, e}, {b, f} can be deleted even
without computing their upper bound based on the 2-D morepryoperty. These item pairs are
presented in the rectangle as shown in Figure 12 (a). Sityilavhen traversing the item pair
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Figure 12: lllustration of the Pruning Process based on tbeMonotone Property

{e, f}, we can delete the item pajr, d} and the corresponding other item pairs as shown in
Figure 12 (b).

6. Analysis of The TOP-COP Algorithm

In this section, we analyze the TOP-COP algorithm in thesaof@ompleteness, correctness, and

computational cost.

6.1. The Completeness and Correctness of the TOP-COP Algdnm

Lemma 4 The TOP-COP algorithm is complete and correct. In other otlis algorithm finds
thek item pairs with thek highest correlation coefficients among all item pairs in tla¢a set.

Proof: The completeness and correctness of the TOP-COP algoréhrbecshown by the follow-
ing three facts. The first is that all item pairs in the datald@asve the opportunity to be checked
during the iteration process due to the diagonal travergdhad. The second fact is that the fil-
tering step only prunes item pairs based on the 2-D monotoeepy or if the upper bounds of
the ¢ correlation coefficient for these pairs are less than tharmim correlation coefficient in
the current top-k list. Therefore any item pair whose catieh coefficient is among the top-k
will be checked at some point, placed in the top-k list, anliimat be removed from the list later.
Finally, all item pairs that are not checked before the seataps cannot be in the top-k list. This
is guaranteed by Lemma 3.
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6.2. Computational Cost Analysis

Here, we provide simple algebraic cost models for the coatpurtal cost of the brute-force method
and the TOP-COP algorithm. We assume that the total numbmje€ts in the data setis

The cost of the brute-force algorithm includes the cost mﬂpoting%
coefficients and the cost of maintaining the top-k list. g}, indicate the cost of computing the

exact correlation

correlation coefficient for an item pair. The cost model & bnute-force algorithm is given by:
Costgrute = O(n?) * Coppr + O(K?) (6)

The cost of the TOP-COP algorithm consists of four parts:sthiéing cost, denoted by,
the cost of computing the upper bounds, denoted'3y,.4, the cost of computing the exact corre-
lation coefficients, denoted Wy.,..;, and the cost for maintaining the top-k list. L-gt k) be the
percentage of all item pairs whose upper bounds need to bputedhy, (k) be the percentage of
all item pairs whose exact correlation coefficients needetedmputed, and’,,,,.., be the cost of
computing the upper bound for an item pair. Then the cost inafdde TOP-COP algorithm is
given by:

Costrop—cop
= Caort + Chouna + Cezact + O(k?)
= O(nlogn) + 71 (k)O(n*)Cupper + Y2(E)O(n?)Cegrr + O(k?)

Thus the difference in computation cost between the bruteefmethod and the top-cop algo-

rithm is:
Costgrute — Costrop—corp
= (1 = 72(k))O(1n*)Corr — 11 (k)O(n?)Cupper — O(nlogn)

Note thatC',,, is much larger thar®,,,.., because of the high computation cost of finding
support values for item pairs when computing exact cotimatoefficients. In general, since the
sorting cost is not significant compared to the cost for caimpucorrelation coefficients, for large
n we have:

Costgryte — Costrop—cop
~ (1 = 2(k))O(n*)Ceorr — 71(k)O (1) Cupper
In practice the savings will thus depend primarily on how gnexract correlation coefficients

need to be computed. This of course depends on the inhereatst of the data set, as we will
explore further in the experiments.
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A Special Case.To demonstrate the computational savings of the TOP-COd#titiqn, let us
consider a special case whére:< n and the topk item pairs are identified in the main diagonal.
In other words, the search will stop after traversing theesigfiagonal. For this case, in the worst
scenario, TOP-COP needs to computepper bounds and exact correlation coefficients when
traversing the main diagonal. However, according to the @x@hotone property, the algorithm
can pruner — k + 1 pairs along the super-diagonal since- k pairs along the main diagonal are
not in the top-k list. Therefore, in the worst case, the atgor needs to compute upper bounds
and correlation coefficients fdr — 2 pairs along the super-diagonal. Hengék) = ~2(k) =
(n + k —2)/™2=1 and the computational savings are:

2

Costprute — Costrop—copr

~ (= (ntk— 2)/"("2_ Y)002)Coore
4k -2/ D 0w e
= (n(n2_ 2 —(n+k—2))Ceorr —(n+k— 2)Cupper

SinceC,,,, is much larger thag’,,,.,, the computational savings of TOP-COP will be quite large

(O(n*)C.,,.,) when the number of objectsin the data set is very large.

7. Experimental Results

In this section, we present the results of experiments tluatathe performance of the TOP-COP
algorithm. Specifically, we study: (1) the performance ofPFOOP compared with the brute-
force approach as well as the TAPER-TOP-K method, (2) theopeance of TOP-COP with
respect to the dispersion of the data, (3) the performand®©&-COP on data sets with Zipf-like
distributions, and (4) the scalability of the TOP-COP aition.

7.1. The Experimental Setup

Our experiments were performed on both real-life and syitthata sets, described further below.
All experiments were performed on a PC with a 1.66 GHz CPU a@Blof RAM running the

Microsoft Windows XP operating system.
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Table 1: Some Characteristics of Real-life Data Sets

Data set #ltem #Transaction Source
Pumsb 2113 49046 IBM Almaden
Pumsb-l 2088 49046 IBM Almaden
Pumsb-Il 2074 49046 IBM Almaden
Pumsb-Ill 2042 49046 IBM Almaden
LA1 29704 3204 TREC-5
Retail 14462 57671 Retail Store

Real-life Data Sets.The real-life data sets used in our experiments were olutdioen several
different application domains. Table 1 shows some chaniatitss of these data setPunshb
is often used as the benchmark for evaluating the perforenahassociation rule algorithms on
dense data sets. Tipainsb data set corresponds to binarized versions of a census etdtas
IBM (available at http://fimi.cs.helsinki.fi/data/). Théfdrence betweeunsb andPunsb- |,
Punsb- 1| aswellafPunsb- 111 isthatPunmsb—1I does not contain items with support greater
than 80%,Punsb—117 does not contain items with support greater than 60%,Rntsb—1771
does not contain items with support greater than 40%. OAE data set is part of the TREC-5
collection (http://trec.nist.gov) and contains newsces from the Los Angeles Times. Finally,

retail isamasked data set obtained from a large mail-order company

7.2. A Performance Comparison of TOP-COP with the Brute-foce Approach
and the TAPER-TOP-K Method

First, we present a performance comparison of the TOP-C@#&itim with the brute-force ap-
proach and the TAPER-TOP-K method using several benchnadeksits from IBM, TREC, and
some other sources, such as retail stores. The implenanti#tihe brute-force approach is sim-
ilar to that of the TAPER-TOP-K algorithm except that theefiihg mechanism implemented in
the TAPER-TOP-K algorithm is not included in the brute-®m@pproach. The TAPER-TOP-K
method is built on top of the TAPER (Xiong et al., 2004) algjoum.

Figure 13 shows the relative computation performance of-COHP, the brute-force approach,
and TAPER-TOP-K on th@unsb, Punsb- | , Ret ai | andLAl data sets. As can be seen, the
performance of the brute-force approach does not changé fou@ny of the four data sets at
different k values. The execution time of the TOP-COP atbarmican be an order of magnitude
faster than the brute-force approach if k is small, and T@RGas much better performance
than TAPER-TOP-K. For instance, as shown in Figure 13 (a,etkecution time of TOP-COP
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Figure 13: A Performance Comparison

on thePunsb data set is one order of magnitude less than that of the oute-approach when
the k£ values are less than 950. Also, as the valué afcreases, the execution time of TOP-
COP increases accordingly. Similar computation effectsaiao be observed on tlRnsb- |
Ret ai | , andLA1 data sets, while the computation savings on these datareatstzas significant
as on thePumsb data set. In the following subsection, we provide a detaalealysis to show the
performance of the TOP-COP algorithm with respect to thpeatsion of the data.

7.3. The Performance of the TOP-COP Algorithm with respect o the Dis-
persion of the Data

Here, we are interested in investigating the relationshtg/ben the performance of TOP-COP and
the dispersion of the data. To this end, we first introducetedficient of variation (CV) (DeGroot
and Schervish, 2001), which is a measure of the dispersianata distribution. The CV is defined
as the ratio of the standard deviation to the mean. Givenaf e&fjectsX = {x,zs,...,2,}, (in
our caseX; will be the support of thé'th data item) we have
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Figure 14: The Computation Savings of TOP-COP on the RétAil, and Pumsb Data Sets

CcV =

K| ®»

where

EIZZ 1$2 \/Ezlxl
n—1

Note that there are some other statistics, such as standaraidn and skewness (DeGroot
and Schervish, 2001), which can also be used to charactegzaispersion of a data distribution.
However, the standard deviation has no scalability; thahis dispersion of the original data and
stratified sample data is not equal if the standard deviatarsed. Indeed, this does not agree
with our intuition. Meanwhile, skewness cannot catch trspdision in the situation that the data
is symmetric but has high variance. In contrast, the CV isnaedisionless number that allows
comparison of the variation of populations that have sigaiftly different mean values. In general,

the larger the CV value, the greater the variability is indaga.

Table 2: The Spread of Data Distributions

Dataset Name CV (Coefficient of Variation)

Pumsb 3.878
Pumsb-I 3.857
Pumsb-II 3.803

Pumsb-Iii 3.645
LA1 3.423
Retail 1.877
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Figure 16: The Performance of TOP-COP with respect to thpddson of the Data Distributions

Table 2 shows the CV values of the individual item supportfous data sets. In the table,
we can see thaPumsb has the largest CV value angktail data the smallest; i.e. the support
variability of the Pumsb data set is the greatest among all these data sets.

The results in Figure 14 show that the dispersion of suppardvidual items has a direct
impact on the computation performance of the TOP-COP dlguati Increasing the degree of
dispersion of support, as measured by the increase of thedlidy, increases the computation

savings (defined as the number of pruned item pairs dividethéyotal number of item pairs)
achieved by TOP-COP. For example, the TOP-COP algorithnthieasighest computation savings
on the Pumsb data set, since the support variability oftlwe.sb data set is the greatest among all

these data sets.
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Next, to better illustrate the relationship between thégsarance of TOP-COP and the degree
of dispersion of the data, we have conducted experimentse@Ramsb, Pumsb-I, Pumsb-Il, and
Pumsb-Ill series data sets. These data sets have exacthamme number of transactions. The
difference among them is that Pumsb-I does not contain iteitis support greater than 80%,
Pumsb-II does not contain items with support greater th&o,60hd Pumsb-IIl does not contain
items with support greater than 40%.

Figure 15 shows the relative computational cost (definechasdmputational cost of TOP-
COP divided by the computational cost of the brute-forcehmet between TOP-COP and brute-
force at different: values. In the figure, we observe that the relative compmirtaticost of TOP-
COP on Pumsb is the smallest (thus the savings are the higsiese the CV value of the individ-
ual item support of Pumsb is the highest among these foursgdsa Also, as we saw before, the
relative computational cost increases as the valueintreases.
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Finally, Figure 16 shows the corresonding computationrggs/iof TOP-COP on these four
data sets as a function of CV. The results also confirm that-TOP has a better computational
performance on data sets with higher degrees of dispersiareasured by the larger CV values.

7.4. The Performance of TOP-COP on Data Sets with Zipf Disttbutions

Synthetic Data Sets.In this subsection we examine the performance of the TOP-@l@étithm

on synthetic data sets with a generalized Zipf rank-supgiisttibution. For a sorted item list, the
rank-support functiory(r) is a discrete function which presents the support in ternth@fank

r; thus f(1) is the support of the item with highest suppoft?) is the support of the item with
second-highest support, and so on. A generalized Zipfibligion has the rank-support function
f(r) = r% whereC' and P are constants anf® > 1. When P is equal to 1, the rank-support
function has a Zipf distribution. In the real world, Zipké distributions have been observed in a
variety of application domains, including commercial fledata, Web click-streams, and telecom-

munication data.

Table 3: Parameters of the Synthetic Data Sets

Data set name T N C P
P1.tab 2000000 1000 0.8 1.5
P2.tab 2000000 1000 0.8 1.75
P3.tab 2000000 1000 0.8 2

In our experiments, synthetic data sets were generatedtsatcthe rank-support distributions
follow Zipf’'s law. All the synthetic data sets have the samenter of transactions and items. The
rank-support distributions of these data sets follow &péw but with different exponen?. A
summary of the parameter settings used to generate theetigndata sets is presented in Table 3,
where T is the number of transactions, N is the number of if€ns the constant of a generalized
Zipf distribution, and P is the exponent of a generalized digtribution.

Figure 17 shows the rank-support plots of synthetic dats, st a log-log scale. As can be
seen, all rank-support plots are straight lines. In otherdothe synthetic data sets have Zipf
rank-support distributions. Also, Figure 18 displays tbhenputational savings of the TOP-COP
algorithm compared to the brute-force approaches on degavd different exponenP. As can
be seen, the computational savings of the TOP-COP algoiitbrease with the increase of the

exponentP at different k values.
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7.5. The Scalability of the TOP-COP algorithm

Finally, we show the scalability of the TOP-COP algorithmhriespect to the number of items in
the databases. In this experiment, we generated threeeatatevith the number of items equal to
12000, 18000, and 24000 from the LA1 data set by randomly Bagpn all items in the LA1 data
set. The above three data sets, generated by random saniatuggalmost the same rank-support
distributions as the LA1 data set. As a result we used these tienerated data sets and the LAl
data set itself for our scale-up experiments.

Figure 19 shows the execution time of the TOP-COP algorithinofir scale-up experiments.
As can be seen, the execution time increases linearly withnitrease of the number of items at

several different top-k values.

8. Conclusions

In this paper, we identified a 2-D monotone property of theanggound of Pearson’s correlation
coefficient and provided a geometric interpretation of tbmputational exploration of the 2-D
monotone property for efficiently computing the top-k ctated pairs. With this 2-D monotone
property, we designedBOP-k COrrelatedPairs (TOP-COP) query algorithm that uses a diagonal
traversal method, combined with a refine-and-filter strgtemefficiently find the top-k correlated
pairs. We also proved the completeness and correctness dQR-COP algorithm. In addition,
as demonstrated by our experiments, the TOP-COP algori#imbe an order of magnitude faster
than the alternative approaches for mining the top-k cateel pairs. Finally, we showed that
the performance of the TOP-COP algorithm is tightly relat@the degree of data dispersion as
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measured by the CV (coefficient of variation). In generad, lirger the CV value of the data, the
larger the computational savings achieved.

For future work, we are interested in extending the ideaslog@ed in this paper for computing
Pearson’s correlation coefficient among continuous visabAlso, we are planning to design
algorithms for efficiently computing some other statidtmarelation measures.
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